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Nomenclature

a = ellipse semimajor axis
b = ellipse semiminor axis
c = constant = (a2 - 62)1/2

Cp — pressure coefficient = (p —
e = constant = [1 — (6/a)2]1'2
/ = c sinh £
k = constant = e(l - e2)1'2 - s
p = static pressure
r = polar coordinate (radial)
V = flowfield velocity

= c sinh£ cosrj
= c cosh£ sim?

F Received May 18, 1970; revision received June 10, 1970.
The work reported here was conducted under NASA Contract
NASr 54(07).

* Assistant Professor, School of Aeronautics, Astronautics, and
Engineering Sciences. Member AIAA.

f Professor, Department of Aerospace Engineering. Associate
Fellow AIAA.

f = complex variable = £ + iy
0 = polar coordinate (azimuthal)
<£ = velocity potential
p = fluid density
Subscripts
0 = droplet surface
oo = undisturbed freestream conditions

Superscripts
( Y = differentiation wrt f
(-) = complex conjugate

Introduction

WHEN a spherical liquid droplet is introduced into a con-
vective gas stream it is observed to be flattened out in

such a way as to present its largest dimension in a direction
perpendicular to the oncoming flow.1 The deformation that
the drop undergoes is caused by the aerodynamic forces at the
surface. The action of these external forces is opposed by
the surface tension forces the inertial forces, and, to a lesser
extent, by the viscous forces of the liquid. If the external
forces are strong enough to overcome the internal restraining
forces, the drop becomes unstable and disintegrates. The
mechanism and speed of the ensuing breakup process depend
on how much the aerodynamic pressure forces exceed the min-
imum value required to produce instability. If the pressure
forces are just slightly larger than the minimum value neces-
sary for fragmentation, the mechanism of breakup is the bag
type.2 On the other hand, if the aerodynamic forces far ex-
ceed the critical value, the disintegration appears to result
from a boundary-layer stripping phenomenon.3 It is the lat-
ter mechanism which has been observed to prevail in a high-
speed gas stream.

The high-speed shattering of a droplet was first modeled
analytically by G. I. Taylor4 who assumed that the drop was
squashed into a plano-convex lenticular shape before having
its surface stripped away by the viscous shearing forces of the
surrounding air stream. As a consequence of this assumption
that the windward surface is spherical and the leeward one is
planar, the diameter of the flattened drop was found to be ap-
proximately one and a half times larger than the initial diam-
eter. However, an analysis of the photographic results of
Ranger and Nicholls5 indicates that the flattened drop has a
maximum diameter that is appreciably greater than one and a
half times the original, and that the shape of its windward sur-
face is actually ellipsoidal. Unfortunately, it is impossible to
ascertain from the photographs the shape of the leeward sur-
face because it is completely obscured from view by a dense
region of micromist being shed continuously from the droplet
equator into its wake. The importance of these observations
lies in the fact that the character of the flowfield surrounding a
disintegrating droplet is quite different from that assumed by
Taylor. In particular, the flow over the windward surface
will be greatly influenced by the degree to which that surface
deviates from being spherical. Thus, the purpose of the
analysis that follows is to assess the influence of droplet shape
on the velocity and pressure distributions over the windward
surface of a drop in a high-speed gas stream. Flowfield calcu-
lations for this shape are not available in the literature.

Analysis

It has been established from experiment5 that when a spheri-
cal liquid drop is introduced into a gas stream it responds to
the attendant aerodynamic forces by deforming into a new
shape closely resembling that of a planetary ellipsoid. J
Naturally, any alteration in shape of the droplet will produce
concurrent changes in the external flowfield around the drop,
and vice versa, because the shape that the drop assumes and

J A planetary ellipsoid, which is also known as an oblate spher-
oid, is the body generated by rotating an ellipse about its minor
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the streamline pattern of the surrounding flowfield are inex-
tricably coupled together through the boundary conditions at
the interface. Thus, the object of the analysis is to obtain a
parametric solution for the external flowfield around a deform-
ing droplet with the drop shape or eccentricity as the free
parameter.

Let us consider the streaming motion of an ideal, irrotational
fluid past a planetary ellipsoid as depicted schematically in
Fig. 1. The motion is found by superimposing a uniform
flow ( — Fco) on a solution given in Ref. 6. The superposition
is accomplished by adding the respective velocity potentials
together.

If the potential function for the uniform stream — F^; i.e.,

= cFco sinh£ COST? (1)

is added to that given in Ref. 6., then the velocity potential for
the streaming motion past the ellipsoid is given by
$ - (-c/k)Va[l - sinhf cot"1 sinhf -

k sinh£] cos?? (2)

The potential function given by Eq. (2) can be shown to sat-
isfy the conditions of continuity and irrotationality of the flow
plus the usual boundary conditions that at infinity the uniform
flow is undisturbed by the presence of the body in the stream,
and at the surface of the ellipsoid the normal components of
the fluid velocity are zero.

The flowfield velocity (F) can now be determined by recall-
ing that

2 (3)
Evaluation of the functions /'(p/'(f), d$/d??, d$/d£ and
their substitution into Eq. (3) gives the normalized velocity
distribution as

= [k*( sinh2£ + cos2?7)]-1/2[(l - sinh£ X

cot"1 sinh£ — k sinh£)2 sin2?? + (tanh£ — cosh£ cot"1 X

sinh£ - k cosh£)2 cos2??]1/2 (4)
where V/V^ is a function of b/a and of x.

If we set £ = £0 in Eq. (4) ; for example

£ = &(l/2) ln[(l + 6/a)/(l - b/a)] (5)

then we get an expression for the normalized velocity distribu-
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Fig. 2 Pressure coefficient vs polar angle for the flow
around a planetary ellipsoid.

tion at the surface of the body. The ratio of the semiminor
axis (b) to the semimajor axis (a) is referred to as the ec-
centricity parameter and its magnitude is an indication of the
degree to which the body of revolution deviates from that of a
sphere. For example, if we set b/a equal to unity, then Eq. 4
gives the velocity distribution over the surface of a sphere;
whereas, if we set b/a equal to zero, we obtain the solution for
the flow over a round disk of radius a.

The evaluation of Eq. (4) over the surface of the body, for
various values of the eccentricity parameter (0 < b/a < 1), is
facilitated by transforming the cartesian coordinates (x,y), of
the points describing the ellipse £ = £0, into polar coordinates
(r,6). The main advantage to be realized through this ma-
nipulation is that the solution for F/Fro can be obtained as a
function of 6 rather than of x. A polar coordinate transforma-
tion gives

(6/a)2tan2(9] (6)

Fig. 1 Normalized velocity distribution vs polar angle
for the flow around a planetary ellipsoid.

which is then used to write relationships for sin2?? and cos2??
as
sin2?? = 1 - (b/a)*/[I + (b/a)* tan20][l - (b/a)2] sinh2£0

(7a)
cos2?? = (b/a)2/[l + (6/a)2tan20][l - (b/a)*} sinh2£0 (7b)

Substitution of Eq. (7) into Eq. (4) then gives V/Vm as a func-
tion of the parameter b/a and the polar angle 6.

Finally, with the velocity having been found, the pressure
distribution over the surface of the body can be obtained from
Bernoulli's equation for an ideal fluid. The normalized pres-
sure distribution or pressure coefficient, Cp, is, from Bernoulli's
equation, given by

(P ~ pJ/CiPcoFo,*) = 1 - (F/Fro)\ = 40 (8)
where p = p(6,b/a) is the static pressure on the ellipsoidal sur-
face, and POO is the undisturbed static pressure in the fluid at a
point far from the body.

Discussion of Results

The results of a parametric evaluation of the velocity dis-
tribution and pressure coefficient are shown, respectively, in
Fig. 1 and Fig. 2 where F/Fro and Cp are both plotted as a
function of the polar angle 6 with the eccentricity b/a as a
parameter. Since these distributions are symmetric with re-
spect to the equatorial axis, the solutions are shown only for
0 < 6 < 7T/2. As one would expect, in the limit as b/a —> 1,
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the distributions of velocity and pressure are seen to approach
those for the case of a sphere in an ideal fluid. But as b/a -*•
0, i.e. as the drop is flattened out by the aerodynamic forces
in a direction perpendicular to that of the undisturbed flow,
the velocity and pressure are seen to deviate considerably
from those of a sphere. For example, a typical empirical
value5 of the eccentricity parameter, corresponding to the con-
dition of maximum droplet diameter, is b/a c^ 0.35.

The general observation can be made that drop flattening
has the dual effect of reducing the magnitude of the flow ve-
locity over much of the windward surface while at the same
time increasing the fluid velocity in the region of the equator.
It is felt that the significant increase in shearing velocity near
the equator is an important contributing factor in the high-
speed aerodynamic breakup of liquid droplets. In other
words, it is apparent that, by virtue of the droplet deformation
or flattening, a high shearing velocity is generated in the vi-
cinity of the equator, which hastens the disintegration process
by enhancing the boundary-layer stripping of liquid away from
the droplet equatorial surface. Also, the reduction of flow
velocity over a large portion of the windward surface has the
effect of producing an extensive quasi-stagnation region,
as shown in Fig. 2, and the extent of this region is seen to de-
pend on the magnitude of b/a. Hence, the pressure coefficient
over much of the surface is positive (Cp > 0), the manifesta-
tion of which is a higher drag force than otherwise would exist
if the droplet shape remained spherical. Since Taylor's model
does not account for either of these important effects, it seems
reasonable to conclude that it will give conservative results
for liquid droplet acceleration and disintegration rate in a
high-speed gas stream.
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associated flow condition. Despite inherent differences
the theories have all had in common the assumption of local
equilibrium. In recent years, however, evidence has ap-
peared which suggests that this assumption is inappropriate
in regions adjacent to the confining wall.1-2 The objective
of this Note is to obtain a first estimate of the nature and
the extent of nonequilibrium in a typical arc. This is done by
delineating and uncoupling the effects that influence the
equilibrium state of an arc plasma, assigning an appropriate
time scale to each effect, and comparing relative magnitudes
for typical conditions.

Possible nonequilibrium effects of special interest in an
arc include ionization nonequilibrium, nonequipartition of
translational energy between electrons and heavy particles,
and the existence of an electron velocity distribution function
which is non-Maxwellian. At the same time that certain
processes act to promote these nonequilibrium effects, compet-
ing processes act to restore the corresponding equilibrium
condition. For example, the external electric field, thermal
conduction, ambipolar diffusion, and inelastic recombination
collisions all promote nonequipartition of translational energy.
In contrast, electron-heavy particle elastic collisions provide
the dominant mechanism for maintaining equipartition. Sim-
ilarly, the external field and inelastic collisions act to promote
a non-Maxwellian electron velocity distribution, while self-
collisions in the electron subgas act to restore the equilibrium
distribution. Finally, ambipolar diffusion acts to promote
ionization nonequilibrium at the same time that ionization
or recombination processes act to maintain the corresponding
equilibrium condition. In the core of the arc, where diffusion
depletes the local electron concentration, the ionization rate
must be sufficiently large to maintain an equilibrium electron
number density; in the peripheral arc region, diffusion in-
creases the local electron concentration and a sufficient re-
combination rate is needed to maintain equilibrium.

In this paper the aforementioned equilibrium departure
and restoration mechanisms are uncoupled, and each is char-
acterized by an appropriate time scale. Time-scale cal-
culations are then performed using temperature and species
concentration profiles obtained from an equilibrium theory
for the asymptotic region of a 1 cm diam, atmospheric argon
arc.3 The calculations are performed for arc currents of
35 and 600 amps and provide an approximate estimate of the
extent of nonequilibrium in the arc. In addition, a simple
treatment of two competing mechanisms is used to illustrate
the possible existence of nonequipartition in arcs for a range
of operating conditions.

The form of several of the time scales of interest may be
obtained from the use of phenomenological arguments in
connection with the general relaxation equation

- Q) (1)
where Q may be either a species temperature or concentration
and Q* is generally the corresponding equilibrium value.
The so-called equipartition time req is defined as the time
required to reach a 67% reduction in some initial electron-
heavy particle temperature difference due to elastic electron-
atom and electron-ion collisions. To determine this time,
the general expression for the random species energy exchange
rate in a nonequipartition plasma4 is used in connection with
appropriate gas-kinetic cross sections for electron-ion5 and
electron-atom6 collisions. Similarly, a characteristic ohmic
heating time r0u may be defined as the time required
for the temperature of the electron subgas to be elevated by
a factor of e through application of the external field. The
electrical conductivity required for the calculations was
evaluated using the mixture rule suggested by Kruger and
Viegas.7 The characteristic reaction time rr is defined as
the time required to achieve a factor of e change in the electron
concentration through either collisional ionization or re-
combination. Since the time-scale calculations are performed
using equilibrium temperature and concentration profiles,


